8 CHAPTER 2 Tensors

Since the dot product of vectors is distributive, therefore, if a = a;e; and b = b;e;, then
a-b = (aie;) - (bje;) = aibj(e; - ¢;).
In particular, if e;, e,, e; are unit vectors perpendicular to one another, then e; - ¢; = J;; so that
a-b = a;bj0; = a;b; = a1by + a)by + azbs,
which is the familiar expression for the evaluation of the dot product in terms of the vector components.

(c) Factoring: If
T,‘jl’lj — )L}’l,‘ = 0,

then, using the Kronecker delta, we can write n; = J;n;, so that we have

T;nj — 20;n; = 0.
Thus,

(T;; — Ao4)n; = 0.
(d) Contraction: The operation of identifying two indices is known as a contraction. Contraction indicates a

sum on the index. For example, T}; is the contraction of Tj; with
Tii =T + T+ Ts.
If
Ty = AAS;; + 2UEj;,
then
T = AAS; + 2uE; = 37A + 2uE;.

PROBLEMS FOR PART A
2.1 Given

1 0 2 1
[S,'/'] = |:0 1 2:| and [(1,'] = |:2:| s
303 3

evaluate (a) Sii’ (b) SijSija (C) SjiSji» (d) Sijkj’ (C) A, (f) Smnamam and (g) Snmaman-

2.2 |Determine which of these equations has an identical meaning with a; = Q,-jaj’ .
(a) ap = mea,/m (b) ap = qua(;, ©) am = a,;an-

2.3 Given the following matrices
1 2 30
la] =10, [Bj]= |0 5 1],
2 0 2 1

demonstrate the equivalence of the subscripted equations and the corresponding matrix equations in the
following two problems:

(a) b; = Bjja; and [b] = [B][a] and (b) s = Bjja;a; and s = [a]T[B][a].
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2.4 Write in indicial notation the matrix equation (a) [A]=[B][C], (b) [D]= [B]T[C 1and (c) [E]= [B]T[C] [F].

2¢ 62¢ 82(]')
2.5 Write in indicial notation the equation (a) s = A2 + A2 +A2 and (b) 2 +—=0.
Ox 8x2 Ox3
2.6 Given that S;j=a;a; and S =al aj, where a/ = Qpua, and aj’ = Qyjan, and Q;Qjx=0;;, show that

Sk = Si.
i Oy,
2.7 |Write a; = ?vt + vja—:j in long form.
2.8 Given that T;; = 2uE;; + AEd;;, show that
(a) T;Ej = 2uE;E; + M(Ew)” and (b) T;Ty = 4PE;E; + (Ew )’ (4ul + 37%).

2.9 Given that a; = T;b;, and a/ = Tubj’ , where a; = Qjna,, and T;; = QinQ;uT,,,

(a) show that Q,mT,:mb,g QimQinT,,,bj and (b) if Qi Qim = 51<m, then T}/, (b, — Qjub;) =0
2.10 Given

1 0
[ai] = {2}, [bi] = [2}7
0 3

evaluate [d,], if dy = &;a;b;, and show that this result is the same as dy = (a X b) - e,
211 (a) If ¢y Tj; = 0, show that T;; = Tj;, and (b) show that ;¢ = 0.

2.12 Verify the following equation: &;,&um = 00 — 0ydjx. Hint: There are six cases to be considered:
MDi=j,QQi=k@ i=1L@@j=k (5)j=1and (6) k =1L

213 Use the identity &jméewm = 0idji — didj as a shortcut to obtain the following results: (a) €im&jm = 20
and (b) EijkEijk = 6.

2.14 Use the identity &;p&xm = 0i0j — 0y0j to show that a x (b x ¢) = (a-¢)b — (a-b)c.

2.15 Show that (a) if T,:,' = —Tj,', then T,'ja,'llj =0, (b) if T,‘j = —Tj,‘, and S,‘j = Sj[, then T,]SU =0.

1 1
5 (S + Sji) and Ry = = (S — Sji), show that Ty = Tj;, Ry = —R;i, and S;j = T + Ry

2.17 Let f(x1,x2,x3) be a function of xy, x,, and x3 and let v;(x;, x2,x3) be three functions of xy, x,, and xs.
Express the total differential df and dv; in indicial notation.

2.16 Let T,:,‘ =

2.18 Let |A;| denote the determinant of the matrix [A;]. Show that |A;| = &;zAi1ApAss.

TENSORS

TENSOR: A LINEAR TRANSFORMATION

Let T be a transformation that transforms any vector into another vector. If T transforms a into ¢ and b into d,
we write Ta = ¢ and Tb = d.
If T has the following linear properties:

T(a+b) = Ta+ Tb, (2.6.1)
T(xa) = oTa, (2.6.2)
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