
Since the dot product of vectors is distributive, therefore, if a ¼ aiei and b ¼ biei, then

a " b ¼ ðaieiÞ " ðbjejÞ ¼ aibjðei " ejÞ:

In particular, if e1, e2, e3 are unit vectors perpendicular to one another, then ei " ej ¼ dij so that

a " b ¼ aibjdij ¼ aibi ¼ a1b1 þ a2b2 þ a3b3;

which is the familiar expression for the evaluation of the dot product in terms of the vector components.

(c) Factoring: If
Tijnj & lni ¼ 0;

then, using the Kronecker delta, we can write ni ¼ dijnj, so that we have

Tijnj & ldijnj ¼ 0:

Thus,

ðTij & ldijÞnj ¼ 0:

(d) Contraction: The operation of identifying two indices is known as a contraction. Contraction indicates a
sum on the index. For example, Tii is the contraction of Tij with

Tii ¼ T11 þ T22 þ T33:

If

Tij ¼ lDdij þ 2mEij;

then

Tii ¼ lDdii þ 2mEii ¼ 3lDþ 2mEii:

PROBLEMS FOR PART A
2.1 Given

½Sij( ¼
1 0 2
0 1 2
3 0 3

2

4

3

5 and ½ai( ¼
1
2
3

2

4

3

5;

evaluate (a) Sii, (b) SijSij, (c) SjiSji, (d) SjkSkj, (e) amam, (f) Smnaman, and (g) Snmaman.

2.2 Determine which of these equations has an identical meaning with ai ¼ Qija 0
j .

(a) ap ¼ Qpma 0
m, (b) ap ¼ Qqpa 0

q, (c) am ¼ a 0
nQmn.

2.3 Given the following matrices

½ai( ¼
1
0
2

2

4

3

5; ½Bij( ¼
2 3 0
0 5 1
0 2 1

2

4

3

5;

demonstrate the equivalence of the subscripted equations and the corresponding matrix equations in the
following two problems:

(a) bi ¼ Bijaj and [b] ¼ [B][a] and (b) s ¼ Bijaiaj and s ¼ [a]T[B][a].
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2.4 Write in indicial notation the matrix equation (a) [A]¼ [B][C], (b) [D]¼ [B]T[C] and (c) [E]¼ [B]T[C][F].

2.5 Write in indicial notation the equation (a) s ¼ A2
1 þ A2

2 þ A2
3 and (b)

@2f
@x21

þ @2f
@x22

þ @2f
@x23

¼ 0.

2.6 Given that Sij¼aiaj and S 0
ij ¼ a 0

i a
0
j , where a 0

i ¼ Qmiam and a 0
j ¼ Qnjan, and QikQjk¼dij, show that

S 0
ii ¼ Sii.

2.7 Write ai ¼
@vi
@t

þ vj
@vi
@xj

in long form.

2.8 Given that Tij ¼ 2mEij þ lEkkdij, show that

(a) TijEij ¼ 2mEijEij þ lðEkkÞ2 and (b) TijTij ¼ 4m2EijEij þ ðEkkÞ2ð4mlþ 3l2Þ.

2.9 Given that ai ¼ Tijbj, and a 0
i ¼ T 0

ijb
0
j , where ai ¼ Qima 0

m and Tij ¼ QimQjnT 0
mn,

(a) show that QimT 0
mnb

0
n ¼ QimQjnT 0

mnbj and (b) if QikQim ¼ dkm, then T 0
knðb 0

n % QjnbjÞ ¼ 0.

2.10 Given

½ai' ¼
1
2
0

2

4

3

5; ½bi' ¼
0
2
3

2

4

3

5;

evaluate [di], if dk ¼ eijkaibj, and show that this result is the same as dk ¼ a( bð Þ ) ek.

2.11 (a) If eijkTij ¼ 0, show that Tij ¼ Tji, and (b) show that dijeijk ¼ 0.

2.12 Verify the following equation: eijmeklm ¼ dikdjl % dildjk. Hint: There are six cases to be considered:
(1) i ¼ j, (2) i ¼ k, (3) i ¼ l, (4) j ¼ k, (5) j ¼ l, and (6) k ¼ l.

2.13 Use the identity eijmeklm ¼ dikdjl % dildjk as a shortcut to obtain the following results: (a) eilmejlm ¼ 2dij
and (b) eijkeijk ¼ 6.

2.14 Use the identity eijmeklm ¼ dikdjl % dildjk to show that a( b( cð Þ ¼ a ) cð Þb% a ) bð Þc.

2.15 Show that (a) if Tij ¼ %Tji, then Tijaiaj ¼ 0, (b) if Tij ¼ %Tji, and Sij ¼ Sji, then TijSij ¼ 0.

2.16 Let Tij ¼
1

2
ðSij þ SjiÞ and Rij ¼

1

2
ðSij % SjiÞ, show that Tij ¼ Tji;Rij ¼ %Rji, and Sij ¼ Tij þ Rij.

2.17 Let f ðx1; x2; x3Þ be a function of x1, x2, and x3 and let viðx1; x2; x3Þ be three functions of x1, x2, and x3.
Express the total differential df and dvi in indicial notation.

2.18 Let jAijj denote the determinant of the matrix [Aij]. Show that jAijj ¼ eijkAi1Aj2Ak3.

PART B: TENSORS

2.6 TENSOR: A LINEAR TRANSFORMATION
Let T be a transformation that transforms any vector into another vector. If T transforms a into c and b into d,
we write Ta ¼ c and Tb ¼ d.

If T has the following linear properties:

Tðaþ bÞ ¼ Taþ Tb; (2.6.1)

TðaaÞ ¼ aTa; (2.6.2)
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